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Abstract 

The set of all possible spherically symmetric magnetic static Einstein- Yang-Mills field equa- 
tions for an arbitrary compact semi-simple gauge group G was classified in two previous papers. 

■ Local analytic solutions near the center and a black hole horizon as well as those that are ana- 
' lytic and bounded near infinity were shown to exist. Some globally bounded solutions are also 
, known to exist because they can be obtained by embedding solutions for the G = SU(2) case 

■ which is well understood. Here we derive some asymptotic properties of an arbitrary global 
solution, namely one that exists locally near a radial value ro, has positive mass m(r) at ro and 
develops no horizon for all r > ro. The set of asymptotic values of the Yang-Mills potential (in 
a suitable well defined gauge) is shown to be finite in the so-called regular case, but may form 

' a more complicated real variety for models obtained from irregular rotation group actions. 

H > 1 Introduction 

OJQ. 

Static spherically symmetric and globally regular solutions to the Einstein- Yang-Mills (EYM) equa- 
tions for the gauge group SU{2) were first found numerically by Bartnik and Mckinnon ||. They 
showed that although there are no static, finite energy pure Yang-Mills fields , S when coupled 
to the gravitational instead of the Higgs field physically meaningfull classical solutions where pos- 
sible. As is standard, we will refer to these static, globally regular solutions as solitons. Shortly 
after the solitons were discovered, static spherically symmetric Si7(2)-EYM black holes were found 
numerically 

The SE/(2)-EYM black hole solutions provided counter examples to the no-hair conjecture and stim- 
ulated investigations into other matter fields coupled to gravity for the purpose of finding solutions 
that violated the no hair conjecture. Consequently, it has been realized that violation of the no 
hair conjecture is typical for gravity coupled to non-Abelian gauge theories. More recently |l8|,|ig|], 
axisymmetric static black hole and soliton solutions to the 5f7(2)-EYM equations have been con- 
structed numerically, providing dramatic examples of violations to the no hair conjecture. All of 
these solutions have shown that equilibrium configurations of black holes can be much more com- 
plicated than had been previously thought. 
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Existence of the soliton and black hole solutions to the 5t/(2)-EYM equations was first established 
analytically by Smoller, Wasserman, Yau, and McLeod 43, 48[^9[, Global existence was also estab- 
lished by Breitenlohner, Forgacs, and Maison in g using different methods. Smoller and Wasserman 
have extensively studied the Sf7(2)-EYM equations p|, ^2| , ^ -^7|| and have completely classified Q 
the solutions which are defined in the far field, i.e. for large radius r. One surprising result that 
they have discovered is that any solution that is defined in the far field is actually defined on the 
whole interval (0, oo). This is not the usual situation for solutions to non-linear systems of differ- 
ential equations where one normally expects global existence for only a small subset of the initial 
conditions. On the other hand for such solutions the mass will typically be negative below some 
limiting radius, and there is a singularity at r=0. 

For gauge groups G other than SU(2), much less is known and the investigations have almost 
exclusively focused on SU(n) and only for the most obvious ansatz for the spherically symmetric 
gauge field. Recently, the existence of SU (3) black hole solutions which are not embedded SU(2) 
solutions has been established analytically |3{j]. For 5/7(3) and 5/7(4) both solitons and black hole 
solutions which are not embedded SU(2) solutions have been found numcr ically ^IHHl. Fr om 
the numerical solutions it is clear that the existence proof in J3^] does not cover all the possibilities. 
So even in SU (3) there is still work to be done. 

For arbitrary compact gauge groups even less is known. No numerical solutions have been con- 
structed for G ^ SU (n) and the only analytical work we are aware of is contained in the pa- 
pers However, in these papers, only the so called regular actions of the symmetry group are 
considered which, as we shall see later, is a strong condition. For a review of these developments 
in EYM theory, see The EYM equations continue to attract attention. Rotating 5/7(2)-EYM 
black holes have been constructed numericall y [pp[ and the 5/7(2)-EYM equations with a cosmolog- 
ical constant have been studied ]2^-|30|,|3^, p0|, |55|] " 

In this paper we show that a number of the analytical results derived in ]2^7|,|4l[j49|] generalize to 
"magnetic type" EYM solutions for arbitrary compact gauge groups and arbitrary actions of the 
symmetry group K = SU{2). More precisely, our main result (Theorem [Tl]) is the behavior for 
r — > oo of the solution under the assumption that it exists at some value ro and that the mass 
is positive at ro and no horizon develops for r > rg. It follows easily from a scaling argument 
that any global solution of the 5/7(2) theory induces "embedded solutions" for any model with 
arbitrary G and arbitrary action of K. However, these special solutions are extremely unstable 
against the slightest change of the parameters that determine it near and oo. In fact, numerical 
experimentation shows that the same probably holds for most other solutions, if any, which makes 
a general numerical exploration of the set of all global solutions extremely difficult if not almost 
impossible. This unfortunate situation is not quite unexpected in view of the instability results with 
respect to time dependence obtained in || for regular actions and general compact gauge groups. 

The article is organized as follows. Sections || and || contain a review of the results from Lie algebra 
theory and the theory of three dimensional semisimple Lie algebras based largely on fl6| ] and ]To|]. 
The static spherically symmetric EYM equations are presented in section ^. In sections |^ and |6| 
we include a determination of which actions are regular for the classical simple gauge groups based 
on the orbit theory of |n|. (We have previously computed them for the exceptional Lie algebras 
in |5(|.) Our main result concerning the asymptotic behavior of solutions to the EYM equations 
(Theorem ^^) is given in section |?]. The remainder of the paper is devoted to the proof of this 
theorem. 



2 Preliminaries 

In this section we fix our Lie algebra notation and collect some results from Lie algebra theory that 
will be required in the following sections. Many of the results are well known and can be found, for 
example, in |l(| and p4|. Throughout this article G will always denote a real compact semisimple 
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Lie group with Lie algebra go- The adjoint action of G on g will be denoted by Ad, while ad will 
denote the adjoint action of go on go, i.e. ad(X)(Y) = [X, Y] for all X,Y in go- The complcxification 
of go will be denoted by g. The ad action can then be extended by complex linearity to an action of 
g on g so that ad(X)(Y) :— [X, Y] for all X,Y in g. We will use the notation g x for the centralizer 
of a single element leg. In other words, 

g x :={Y eg\[X,Y}=0}. 

Similarly, g x is the centralizer of an element X G go. 

We will let (-|-) be any non-degenerate ad-invariant bilinear form on g that restricts to a negative 
definite inner product on go. By ad-invariance we mean that 

([X,Y]\Z) = (X\[Y,Z]) VX,F,Zeg. 

For example, we could take (-|-) to be the Killing form on g. For later use, we introduce a non- 
degenerate Hermitian inner product ( • | • ) on g defined by 

(X\Y):=-(c(X)\Y) VX,Feg, 

where c : g — > g is the conjugation operator determined by the compact real form go. From the 
ad-invariance of (-|-) and the fact that conjugation is an automorphism of g it follows that (-|-) 
satisfies 



(X\Y) = {Y\X), 
(c(X)\c(Y)) =lX\Y) , 
([X,c(Y)]\Z) = (X\[Y,Z]) 

for all X,Y, Z e g. Treating g as a R- linear space by restricting scalar multiplication to multiplication 
by reals, we can introduce a positive definite inner product (( - |- )) ■ g x g ^ t on g defined by 

((X\Y)):=Rc(X\Y) V X, Y e . 

Let ||-|| denote the norm induced on g by (( -|- )), i.e. 

\\X\\ :=y/((X\X)) Vleg. (2.1) 

From the invariance properties satisfied by ( -| - ), it is straightforward to verify that (( - |- )) satisfies 

((X\Y)) = ((Y\X)), 
((c(X)\c(Y))) = ((X\Y)), (2.2) 
(([X,c(Y)]\Z)) = ((X\[Y,Z})) 

for all X,Y,Z e g. 

Let I) be a Cartan subalgebra of g and R C I)* the roots determined by f). Then we have the Cartan 
decomposition 

B = l)0Ce Q 

aeR 

where the nonzero vectors e a satisfy 

[H,e a ]=a(H)e a VHet). (2.3) 
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Note that 

Ce Q = { X £ | [H, X] = a{H)X V H £ t) } . (2.4) 
A straightforward consequence of fl2.4j ), the Jacobi identity, and the ad-invariance of (-|-) is that 

[e a ,ep] £ Ce a+(3 (2.5) 

and 

{e a \e )=O ifa + /3^0. (2.6) 
Following fl6|| , we define t Q £ t) as the unique vector in f) that satisfies 

(t a \H) = a(H) MH£\). 

Then 

[a\0) := (t a \t fi ) Va,/3Gi? (2.7) 

defines a positive definite inner product on the space span^l a \ a £ R } . We will use | • | to denote 
the norm of this inner product, ft will be useful to introduce the "dual roots" a v defined by 

v = _2^_ 

We can use the dual roots to define the angle bracket 

(a,/3) := (a|/3 v ) , 

and the vectors 

h Q := t Q v . 

Choosing a base A for R, we then have 

f) = Ch Q . 

Also the Cartan matrix C is defined via 

C aP :=(a,0) Va,/3eA. 
A useful relation that is an easy consequence of the above definitions is 

\ha,e p ] =C Pa e p Va,/3eA. (2.8) 

Since Qq is a compact real form of g, the vectors { h Q , e a \ a £ R } can always be chosen to satisfy 
the following relations 

c(h Q ) = -h Q , c(e Q ) = -e_ Q V a £ R , (2.9) 

and 

[e a ,e_J=h Q (2.10) 

[e a ,e ] = N^pea+p if a + (3 £ R (2.11) 

[e a ,e^]=0 ifa + ^^Oanda + ^^i? (2.12) 
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where the constants N a< p are real and N a p = —N^ a ,^p. We are also free to normalize the vectors 
e a as follows 

2 

(e a |e Q ) = — VaeR. 
\a\ 

A basis satisfying these conditions will be called a Chevalley- Weyl basis. The compact real form go 
can then be written as 

go = K«h Q R (e tt - e_ Q ) e Mi (e a + e_ Q ) , 

where R + is the set of positive roots. The subspace 

fjo = Kzh Q (2.13) 

is called the real Cartan subalgebra of go- Notice that t) is the complexification of f)o- As in 
the complex case, a real Cartan subalgebra can be defined independently as a maximal Abelian 
subalgebra of g . 

From ( |2.13 ) and the fact that (a|/3) G K for all a,/3 G R, it is clear that a(H) G iR for every 
H G f)o and a £ fi. This allows us to define a subset Wr of f)o called the reaZ fundamental open 
Weyl chamber by 

W R := { H e f)o I - > Ma G A } . 

We will also need a related subset W of f) called the (complex) fundamental open Weyl chamber 
which is defined by 

W := {H a{H) > Va G A } . 
Observe that we have the inclusion W C if)o- 

If we let exp : go — > G denote the exponential map, then the kernel of exp is by definition 

ker(exp) = { X G g \ exp(A) = I } . 
The subset of ker(exp) given by 

1 := ker(exp) n f)o 

is known as the integral lattice. 



3 Three dimensional semisimple Lie subalgebras 

Later on we will see that classifying spherically symmetric Yang-Mills potentials is related to the 
problem of classifying three dimensional semisimple Lie subalgebras of g up to conjugation by inner 
automorphisms. This problem of classifying three dimensional semisimple Lie subalgebras has been 
studied extensively by many authors beginning with Mal'cev |]3l|] and Dynkin For a modern 
presentation and relations to nilpotent orbits see fic[ |. 

It is well known that any three dimensional semisimple Lie algebra is isomorphic to s^C and is 
spanned by three vectors { Oq, f2+, 0_ } that satisfy the commutation relationships 

[n ,n ± ] = ±2Q ± and fi_] = fl . (3.1) 
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The vectors { £Iq, f2_|_, 17 _ } are known collectively as a complex standard triple. Instead of working 
directly with sfeC-subalgebras, we will often find it more convenient to work with ^-vectors. An 
Ai -vector is a vector 17o S g for which there exists two vectors 17+ , 17_ such that the commutation 
relationships (3T) are satisfied. The set of all ^4i-vectors will be denoted by A\. A distinguished 
subset of A\ is the set A[' R of real A\-vectors. These are the Ai-vectors 17 for which f2+, 17_ can 
be chosen so that 

c(n ) = -fi and c(17 + ) = -0_ (3.2) 
are also satisfied. Notice that in the real case if we define vectors fii, 172, and ^3 in go via 

fig = and Cl± = =F$7i — ift.2 , (3-3) 

then fii, Q,2t and 173 satisfy 

[n^sij] = € tj k n k . (3.4) 

This shows that spanR{fii, fia, ^3} is isomorphic to SO3R. Therefore it is appropriate to call 

{ Oo, 17+, 17_ } a real standard triple. 

Let 

Aut(g) := { cj> e GL(g) | 0(Y)] = F]) for all X, Y E g } 

denote the automorphism group of g. The group of inner automorphisms Int(g) is defined to be the 
subgoup of Aut(g) generated by automorphisms of the form exp(ad(A)) where X is any element 
of g for which &d(X) is nilpotent. It is a standard result in Lie algebra theory that Int(g) is the 
identity component of Aut(g). With these conventions we define 

[A±] := { Int(g) conjugacy classes of ^-vectors of g } , (3.5) 

and 

[Ai] := { Int(g) conjugacy classes of s^C-subalgebras of g } . (3.6) 

Conjugacy classes of an element x will be denoted by [x]. 
It is well known that the map 

[Ai] — > [AI] : [span c {17 ,17 +! 17_}] .— > [17 ] (3.7) 

is a bijection. In Jl^] Dynkin proved that for a fixed Cartan subalgebra 1) and base A = {ct\ , aa, ■ ■ ■ , ai} 
there exists a unique Ai-vector 17o in a conjugacy class [fi ] such that 

a(fi ) = 0, 1, or 2 for all a e A. 

He then defined the characteristic x([fi ]) of the conjugacy class [fi ] by 

x = x(M == Mno),... ,^(fi )) ■ 

The importance of the characteristic is that it is a complete invariant, i.e. [Oq] = [fig] if and only if 
X ([O' ']) = x([fi'o]). Consequently 

flW is in one-to-one correspondence with [-4i]. (3-8) 
For our purposes, we are more interested in the set A\' R n W. We then have the useful result: 



G 



Lemma 3.1. 



Proof. Since AX' R H W C A\ H W we only need to verify the reverse inclusion. 
f2o G -AJ H W. Then there exists Q+,f2_ e g such that 5 := spanc{Slo, ^+7 



So assume that 
^ st 2 C. Let fii, 

O2, and fl3 be as in (3.3). Then So := spanm{f2i, ^2, ^3} is a compact real form for 5. Now So 
sits inside some maximal compact real form g{, C g. But go is also a maximal compact real form 
and as all maximal compact real forms are conjugate by inner autmorphism (see theorem 2.1 p. 256 
in [iB]]) there exist ace Aut(g) such that <j(Sq) £ go- In particular cr(fi 3 ) <G go- We also have that 

= cr(Sl 3 ) for some g £ G. 
□ 



^3 G go and hence it follows by proposition 8.3.1 of |38[ that Ad g (r23) 
Thus spanc{f2 , Ad„-i o cr(f2 + ), Ad„-i o <r(f2_)} is a real standard triple. 



It is worthwhile to note that not every combination of 0, 1, and 2 defines the characteristic of some 
conjugacy class [Oq] . In fact, the total number of conjugacy classes is far less than the potential 3^. 
For example, the number of characteristics for Ag_i is equal to to the number of partitions of £ and 
this is asymptotically equivalent to 

1 Tr /2F 



which is much smaller than 3 . 

It is not difficult to show that for every Lie algebra g there is always a characteristic of the form 

X = (2,2,... ,2). 

In other words there always exists an Ai-vector CIq such that a(Qo) = 2 for all a € A. These 
distinguished elements will be called principal A\-vectors. 

The Dynkin diagram of a Lie algebra g labeled with the characteristic numbers otk{Qo) above the 
nodes is called a weighted Dynkin diagram. All the possible weighted Dynkin diagrams of the 
exceptional Lie algebras G2, F4, Eq and E$ were determined by Dynkin in |12|. A listing of these 
diagrams can be found in |lQ| section 8.4 . 

For the classical Lie algebras the weighted Dynkin diagrams are not optimal for classifying the 
conjugacy classes of [AX]. Instead, a different method based on the "partitions of n" is used. To 
describe this method, we first consider sl n C = A„_i for which the classification problem can be 
solved by elementary methods. A partition of n is an fc-tuple d := (di, e?2, • ■ ■ , dk) such that 



d\ > c?2 > • • ■ > dk > and n = 



(3.9) 



If a number s is repeated q times in a partition we will denote this by s q and q will be called 
the multiplicity of s. For example, the partition (9,9,9,6,4,4,2,1,1,1) will also be written as 
(9 3 ,6,4 2 ,2, l 3 ). The set of all partitions of n will be denoted by V(n). Using s^C representation 
theory, it not hard to show that the there exists a bijection from [AX] to V(n). Moreover, for each 
partition (d\, ■ ■ ■ , dk) a canonical representative Q Q dl ' "' ' dfc ^ of the conjugacy class can be constructed 
as follows. For each s £ N let 



fs 
s-2 
s - 4 







-s + 2 









(3.10) 
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Then 



0, 



(di,...,d*) _ 



= 0(1* 



d,-l 



(3.11) 



is the canonical representative. There also exists simple formulas for Q±. For each s £ N let 



and 





Vo 



/O y/T(s) o 










V 2 (s-1) _0 

V3(«-2) 




where * denotes the transpose of a matrix. Then 



\ 




o 



(3.12) 



(3.13) 



n 



d,--l 



(3.14) 



From these formulas it is easy to verify that 



spanc{flo 



(di,...,d k ) n (d 



+ 



■,<**) ^(di 



• ,d fc 



} =5l 2 C. 



Similar results can be obtained for the other classical Lie algebras, with the conjugacy classes of 
[A]] being parametrized by a subset of V(n) for appropriate n. A canonical representative of the 
conjugacy class can also be constructed although the formulas are more complicated. All of this can 
be found in chapter 5 of we only state the results. 



Theorem 3.2. If g = sL n C then there exists a bisection between [A\] and V(n) 



Theorem 3.3. If g — S02n+iC then there exists a bijection between [AJ] and the set of partitions 
of 2n + 1 in which the even parts occur with even multiplicity. 

Example: SO7C contains six conjugacy classes parametrized by the partitions (7), (5,1 2 ), (3,1 4 ), 
(3,2 2 ), (3 2 ,1), and(2 2 ,l 3 ). 

Theorem 3.4. If g — sp 2n C then there exists a bijection between [AX] and the set of partitions of 
2n in which the odd parts occur with even multiplicity. 

Example: sp 6 C contains seven conjugacy classes parametrized by the partitions (6), (4,2), (4, l 2 ), 
(3 2 ), (2 3 ), (2 2 ,l 2 ),and(2,l 4 ). 

Theorem 3.5. If g = 502 n C then there exists a bijection between [AX] and the set of partitions 
of In in which the even parts occurs with even multiplicity except that the "very even" partitions 
(di,... ,dk)( those with only even parts, each having even multiplicity) correspond to conjugacy 
classes labeled (di, . . . , dk)i and (di, . . . , dk)n- 

Example: sosC contains eleven conjugacy classes parametrized by the partitions (7, 1), (5, 3), (4 2 )/, 
(4 2 )zz , (5,1 3 ), (3 2 ,1 2 ), (3,2 2 ,1), (2 4 ) 7 , (2 4 ) 7/ , (3,1 5 ), and (2 2 ,1 4 ). 
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4 Static spherically symmetric field equations 



Let P be a principal bundle with a compact semi-simple structure group G over a static spherically 
symmetric space-time manifold. We consider only actions of the group SU(2) by principal bundle 
automorphisms on P that project onto the action of SO(3) on space-time which defines the spherical 
symmetry. This ignores some interesting effects due to the fact that SO(3) is not simply connected. 
For an analysis of 5*0(3) actions on SU(n) bundles see [0. 

Equivalence classes of these spherically symmetric G-bundles are in one-to-one correspondence to 
conjugacy classes of homomorphisms of the isotropy subgroup, U(l) in this case, into G. The U(l) 
conjugacy classes are classified by the following proposition. 

Proposition 4.1. [proposition 1, |(|] The set of conjugacy classes of homomorphisms X : U(l) — > G 
is in one-to-one correspondence with the set X n Wr. The conjugacy class of X is characterized by 
A'(e) € Xn Wr where X' : u(l) — > go is the induced Lie algebra homomorphism and e = 2iri is the 
standard basis vector in the integral lattice o/u(l). 

So, once a principal G-bundle with an SU (2)-action is fixed, it determines a element X n Wr which 
we will denote as — 47rA 3 . 

Wang's theorem |2^, |53|] on connections that are invariant under actions transitive on the base 
manifold has been adapted to spherically symmetric space-time manifolds by Brodbeck and Strau- 
mann ||. They show that in a Schwarzschild type coordinate system (t, r, 9, cj>) and the metric 

g = -N(r)S(r) 2 dt 2 + N^^dr 2 + r 2 (d0 2 + sin 2 0d<p 2 ) . (4.1) 

a gauge can always be chosen such that the go-valued Yang-Mills connection form is locally given 
by 

A = A + A (4.2) 

where 

A = N(r)S(r)A(r)dt + B(r)dr (4.3) 

is a gQ 3 -valued 1-form, and 

A = Ai (r)dO + ( A 2 (r) sin 9 + A 3 cos 6)d<t> (4.4) 

where Ai and A 2 are go-valued maps that satisfy 

[A 2 ,A 3 ]=Ai and [A 3 ,Ai]=A 2 . (4.5) 

By the results of §3.3 we are free to use the temporal gauge and therefore set 

B = 0. (4.6) 

We will make one more assumption on the form of the gauge potential, namely that A = 0. In 
analogy with the electromagnetic theory, we call A and A the electric and magnetic parts of the 
gauge potential, respectively. Thus ([O]) and the assumption ^4 — means that the gauge potential 
is purely magnetic. For solutions that are bounded at the origin, it can be shown by analyzing 
the initial value problem at r = using the techniques |3{], ^6) that A — is a consequence of the 
EYM equations. Therefore no generality is lost by setting .4 = when looking for solutions that 
are bounded at r — 0. However, for black hole solutions it is known that there exists solutions with 
A not identically zero [0,E2[. Therefore A = is a restriction in this case. 
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With the above assumption, the gauge potential takes the form 

A = A 1 (r)d9 + (A 2 (r) sin6» + A 3 cos 



Using (4.1) and (4.7), the EYM equations reduce to 

m' = (NG + r- 2 P), 
S~ l S' = 2r~ 1 G, 
-2(m- r^P)^ 
[A' + ,A_] + [A'_,A+] = 



r 2 NA'l + 2(m - r _1 P)A^ + T = 0, 



where ' := d/dr and 



A± := TAi - iA 2 , A := 2iA 3 , 
2m 

'' '~ 2\ J1 +I 



N=:l-—, G := ±(A' + \A' + ) P := ±(F\F), 



F:=|(A -[A +) A_]), 
^ :=-*[£ A+]. 



Using the norm (2.1), G and P can can be written as 



G=i||A' + || 2 and P=I||.F|| 2 



and obviously G > and P > 0. A useful variant of (|4.8|) is 



N' = -(l-N - 2NG - ^rP 
r \ r 2 



Observe that equation (4.5) becomes 



and Aq satisfies 



Defining 



it follows easily from (4.18|) that 



Observe that if we define 



then 



[A ,A±] = ±2A± , 



c(A ) = -A 



S x :={aeR\a(A )=2} 



A+(r) e Ce Q V: 



V n := { X e g | [A , X] = nX} 



V 2 := Ce c 



(4.7) 



(4.8) 
(4.9) 
(4.10) 
(4.11) 



(4.12) 

(4.13) 

(4.14) 
(4.15) 

(4.16) 

(4.17) 

(4.18) 
(4.19) 
(4.20) 
(4.21) 

(4.22) 
(4.23) 
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It is straightforward to verify that the stress-energy tensor T b a in the Schwarzschild coordinates is 
given by 



T b a = diag 



NG P NG P P P 



So the energy density, radial and tangential pressure are given by 

4vre = r- 2 {NG + r- 2 P), Ai:p r = r - 2 (NG - r~ 2 P), and Airp e = r~ A P, (4.24) 
respectively. 

The magnetic and electric charges can be defined via 

Qe ■= £ J S 2 H*^ 06 !! e and Q M := i J £2 \\F ab e ab \\ e ■ 



where S 2 ^ is a sphere at oo and e is the induced volume form on <S^. Using (4.7), a short calculation 
shows that total magnetic and electric charges are given by 



Q 



M 



lim ||F(r)|| and Q E = . 



(4.25) 



Following g, we find it useful to introduce a new independent variable r via 



dr 



N 



and dependent variables 



u:=VN, U+;=VNA',, and k := — (1 + /i 2 + 2/i 2 G - 2r" 2 P) 

2yU 



In these variables, equations (4.8)-( 4.11 ) become 



r = rfi , 
A+ = rC/ + , 
fi = (k — /Lt)/x — 2/i 2 G , 

(5/*)'= 5(k- h)h , 
k = -k 2 + 1 + 2^ 2 G, 

f/+ = -(k-/j,)U + - -T 



(4.26) 



(4.27) 



(4.28) 
(4.29) 
(4.30) 
(4.31) 
(4.32) 

(4.33) 



where (•) = One advantage of this system of equations over (4.8)-(4.11) is that it is no longer 
singular at u = iV 2 = 0. However, thi s wil l not b e important to us here. Instead, we shall exploit 
in section [| the fact that the system ( 4.28j )-( 4.33 ) is asymptotically autonomous to determine the 
behaviour of bounded solutions as r — > oo. 



5 Restrictions on A 

Spherical symmetry implies that Ao must lie in the set 2^?lH Wr. We shall now see how boundary 
conditions restrict Ao to lie in an even smaller set. For the geometry to be regular at the origin, it 
is necessary that 

limN(r) = l. (5.1) 

r— >0 
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For a global solution that is denned for all r £ [0, oo), the physical boundary conditions at the origin 
r = are that the energy density and the radial and tangential pressures are finite there. From 
( 4.24 ) and (5.1), is clear that these boundary conditions imply 

G(r) = 0(r 2 ) and P(r) = 0(r 4 ) as r -► . (5.2) 

An immediate consequence is 

[A+(0),A_(0)]=Ao. 

This result combined with (|4.18[ ) and ( |4.19[ ) shows that {A , A + (0), A_(0)} form a real standard 
triple. Thus A G A V { R D (^X n _ 

Lemma 5.1. 



2ni~ 



-in 



Proof. Suppose fl G A v { n W. Then 2nin G W R . Moreover, exp(27rif2 ) = 1 G G as Q is the 
neutral element of a sl 2 C subalgebra and 27riA G f)o- Therefore fi € n an d nence 



I — T n VIA- 



n w c A^ n | —J ii i \; 

The reverse inclusion is simple to establish and will be left to the reader. □ 

This lemma shows that with the above boundary conditions at the origin r = 0, we can assume that 

AoeifnW. (5.3) 

As we remarked before, the assumption that the spacetime is asymptotically flat implies that 

lim N(r) = lim S(r) = 1 . (5.4) 

r — >oo r — >oo 

A common boundary condition that is adopted at r = oo is that the total magnetic charge vanishes. 
The vanishing of the total magnetic charge is equivalent to 



lim F = 

r-H-oo 



(5.5) 



by (4.25). Assuming the limit lim r 



o A_|_(r) exists, |5.5| implies 

[A+(oo),A_(oo)] = A 



where A + (oo) = linv^oo A + (r). The same argument as above shows that A G A v { HW. Therefore, 
if the magnetic charge vanishes, then we can assume that Ao G A v { PI W. 

The condition (5.5) does not seem to be a necessary one as purely magnetic black hole solutions 
have been constructed numerically with nonzero magnetic charge p2| . However, for globally regular 
solutions defined on [0, oo) it is unknown if this condition is necessary. Indeed, as we shall see in 
section ^ for certain choices of Ao G -4^' R n W, it is not clear that the limit lim^oo A + (r) actually 
exists, and even if it does exists we have not been able to prove that (5.5) is automatically satisfied. 
With this said, we will for the remainder of the article assume that 5.3 holds. 
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6 Regular Ai-vectors and II-systems 



If A £ A\' nW then we call A a regular Ai-vector and the action of SU{2) determined by A will 
be called a regular action. Previous to our work in |3(|, all the results in the literature concerning 
the EYM equations have be derived under the assumption that Ao is regular. There are two main 
reasons for this assumption. First, equation (4.11) can be solved exactly and secondly the remaining 
equations (4.8)-(4.10) can be expanded out in a Chevalley-Weyl basis {h a \a £ A}U {e a \a £ R} 
without having to explicitly compute any of the brackets [e a ,e^]. As we shall see below, this 
simplification can be traced back to the fact that S\ is a Tl-system whenever Ao is regular. So in 
fact the simplification is not dependent on Ao being regular but only on 5a being a II-system. We 
recall |l2| that a subset £ C R is called a U-system if and only if 

(i) if a,0 £ £ then a - f3 £ R 

(ii) £ is linearly independent 

For a proof of the fact that Ao regular implies that S\ is a II-system sec 0. 

If we assume that S\ is a II-system, then { h Q , e Q , e_ Q \ a £ S\ } generates a semisimple Lie 
subalgebra of g denoted Q\ for which S\ is a base [12]. By the definition of 5a, it is clear that Aq 



is a principal Ai-vector in 0a- Also from (4.21) and the definition of Q\, we see that A + (r) £ gA 
for all r. The above discussion shows that if A £ A\' n W is chosen so that 5a is a II-system, 
then the field equations (4.8)-( fLTl ) can be reduced to a subalgebra of q for which A is a principal. 



Therefore, when 5a is a II-system we can, without loss of generality, assume that Ao is a principal 
Ai-vector in q. 

So assume now that A £ A\' R n W is principal. We have the expansion 



(6.1) 



a£Sx 



by (4.21) where the w a (r) are complex valued functions and A = 5a . From ( E-Sfl and (4.12) it 
follows that 



A_(r) = ^ w a (r)e^ a . 



(6.2) 



Substituting (jy) and flf^) into fl4.11|) and using (]2 . 1 0|) - (|2 . 1 2j) yields 



w a w' a = w' a w a V a £ 5a 



(6.3) 



since a, [3 £ S\ with a ^ (3 implies that a — (3 ^ R. Solving equation ( |6.3[ ) shows that w a must 
have constant phase. We are free to choose these phases, which amounts to a choice of gauge, and 
so we demand that the phases are all zero. Hence the w a (r) are all real valued functions. We can 
substitute (^TTJ) and (§J) into (gj) and fl4.1Cp to get 



m! = (NG + r- 2 P), 
r 2 7V< + 2(m - r- 1 P)w' a + ± ^ w a C a p{\ p 



(6.4) 
(6.5) 
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where {C a fj) := ((a, (3)) is the Cartan matrix of the reduced structure group, and 

p =\ E {K-wl)h a p{\p-wl), (6.6) 



G ^^. (6-7) 



and 



h a p = ^-, (6.8) 



2^(0^. (6-9) 



As before, in deriving the above expression we have used a, (3 £ S\ with a ^ (3, implies a — (3 ^ R. 



On the other hand, if S\ is not a II-system then equation (4.11) can no longer be solved exactly. 



This is due to the fact that for a,(3 £ R with a ^ [3 it is no longer necessary that a — (3 ^ R. This 



implies in particular that the bracket [e Q ,e^l may no longer be zero. The inability to solve (4.11) 



implies that the system of equations (4.8)-(4.11) can no longer be written in the standard form 



y'(r) — f(y(r),r) which provides a serious complication. Also the non- vanishing of the brackets 
[e a ,e^] greatly increases the complexity of the equations. 

In view of the above discussion, it would be desirable to classify all those Ao € A\' R fl W for which 
5a is a il-system. Suppose A G A\' R fl W is such that 5a is a II-system. Let g = ® ■ g J denote 
the decomposition of g into simple ideals and i? J C R denote the roots of g- 7 . This determines a 
decomposition of 5a = U5{ into a disjoint union of sets S J X C i? 3 such that S J X is a II-system in 
g 3 . Moreover, if we let A = J2i^o denote the corresponding decomposition of A then it is not 
difficult to show that S{ = {aeR j \ a(Aj) = 2} and A^ E Al' M (Q j ) (1 W(g j ). This proves that if we 
can parametrize the set { A € A]_' R H W | 5a is a II-system} for simple Lie algebras g then we can 
parametrize it for all semisimple Lie algebras. The next theorem provides such a parametrization 
for the simple Lie algebras. 

Theorem 6.1. 

g = sl n C 

5a is a Il-system if and only if the partition d that determines Ao satisfies one of the following 

(i) d = (2v,2w+ 1) with 2v > 2u + 1 > 3, 

(ii) d = {2u + 1, 2v) with 2u + 1 > 2v > 2, 
(Hi) d= (2u, 1,1,... ,1) withv> 1. 

= so 2n +]C 

5a is a Il-system if and only if the partition d that determines Aq satisfies one of the following 

(i) d = (2u + 1) with u > I, 

(ii) d = (2u + 1, 2v, 2v) with u>l, and 2u + 1 > 2v, 
(Hi) d = (2v, 2v, 2u + 1) with u > 1 and 2v > 2u + 1. 
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(iv) d= (2u,2u,l,l, ... ,1) withv> 1. 
= sp 2 „C 

5a is a Il-si/sfem z/ and only if the partition d that determines Aq is of the form d = (2v, 1,1,... , 1) 
where v > 1. 

= 50 2 nC 

5a is a Ti-system if and only if the partition d that determines A satisfies one of the following 
(i) d — (u,u) with u > 1, 
(mJ d = (2u + 1, 1) iwi/i u > 1, 
(Hi) d= (2u + 1, 2w, 2u, 1) with 2u + l>2v>2, 
(iv) d = (2u, 2u, 2m + 1, 1) 2v > 2u + 1 > 1, 

(v) d = (2v, 2v, 2u + 1, 2u + 1) with 2v > 2u + 1 > 3, 
(otJ d = (2u + 1, 2u + 1, 2u, 2«) with 2u + 1 > 2v > 2. 

5a is a W-system if and only if the characteristic \ that determines Ao is equal to 

(a) (2 6 ) ; (2, l 2 , 0, 1, 2) or (0, 1, 4 ) for g = E 6 , 

(b) (2 7 ) or (2, 1,2, 1,0, 1,2) for g = E 7 , 

(c) (2 s ), (2,1,2 2 ,1,0,1,2) or (0 7 , 1) for g = E S) 

(d) (2 4 ) 7 (1,0,1,2) or (1,0 3 ) for g = F i> 

(e) (2 2 ), (1,0) or (0,1) for g = G 2 . 

Proof. From section we know that the sets A\ ("1 W can be completely parametrized for the simple 



Lie algebras. Since A\ n W = A v { fl W by lemma 3.1, we can use this parametrization to determine 



all the A £ A\ n W such that 5a is a LT-system. For the exceptional algebras this can be done by 
straightforward calculations using the tables in chapter 8 of ]ic| . For the classical algebras, we will 
only prove the theorem for simplest case q = s[ ra C. The other algebras S02«+iC, S02 ra C and sp 2n C 
can be analyzed in a similar fashion using the formulas from chapter 5 of jjuJ]. However, due to the 
increase in complexity of the formulas over those for s[„C, the proofs become much more difficult 
and tedious. 

To proceed, let J) denote the set of diagonal n x n complex matricies. Then 

f) = { H G D | trace(if) = } 

is a Cartan subalgebra for s[„C. Define 6j € 3D* by 

e j (diag(H u H 2 ,... ) H n )) = H j . 

The set of roots determined by E) is R = {ej— €j\l < i,j < n i ^ j} and A = {ej— €j\j = 1, 2, . . . , n— 
1 } is a base for i?. Suppose A is theAi- vector determined by the partition d = (d\, da, . ■ ■ ,dk) 



according to the formulas (3.10) and (3.11) 
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Lemma 6.2. If there exists r, s G {1, 2, . . . , k} with r < s such that d r and d s are both even, then 
S\ is not a Yi-system. 

Proof. Since d r and d s are both even, and r < s, it follows that d r > d s > 2. Let dj '■— Y]j—i di, 
I = d r + d r /2, and J = d s + d s /2. Then it is not difficult to verify that ti — ei+i and e/ — e,/+i 
are in 5a ■ But (e/ — e/+i) — (e/ — e.]+i) = ej+i — G i? and hence S\ is not a II-system by 
definition. □ 

Lemma 6.3. // there exists r,s S {1,2,... , k} with r < s such that d r and d s are both odd and 
d r > 1, then S\ is not a Tl-system. 

Proof. Since r < s, d r and d s are odd, and d r > 1, we must have d r > 3 and <i r > d s . Let 
/ = d r + (d r — l)/2 and J = d s + (d s — l)/2 with dj defined as in lemma 3.2. Then it is easy to 



show that ei — e/+i and e/ — ej + i are in S\. But then (ej — e/+i) — (e/ — e.j+i) = e.j+i — ei+i G R 
and hence 5a is not a II-system by definition. □ 

From these two lemmas it is clear that the only possibilities left for a partition d to give rise to a 
S\ that is a II-system is if d satisfies (i), (ii), or (Hi) from the statement of the theorem. It can be 
verified that each of these leads to a S\ that is a II-system. We will only verify the case (i). Now, 
straightforward computation shows that S\ — { €i — e, + i \ i = 1, . . . , d\ — 1} U { e^+i — | i = 

1, . . . , d<x — 1 }. Thus S\ C A which implies that S\ is a II-system. □ 

Corollary 6.4. For the simple algebras Bi, Ct, Dg, G2, F^, Eq, Ej, E%, and with t' odd, the 
only regular A\-vector is the the principal one. For £' even, the regular A\-vectors are classified by 
partitions of the form d = (£' + 1 — k, k) for k = 1, 2, . . . , £' /2. 

Proof. The st atem ents concerning the classical simple algebras Ae, Bi, Ci, and Di can be verified 
using theorem 6.4 and the formulas from chapter 5 of |lC|] . For the the exceptional algebras G2, F4, 



Eq, £7, and E$, the conclusion follows immediately from theorem S.l. □ 



We know from lemma 3.1 that A\ D W = A{ D W. But it is also clear from theorem p.l| and 
the discussion in section || that if we let Mu := { A 6 fl W| 5a is a II-system} then |Aln|^ 
\A\ n W\. Therefore | A^n | "C |^4-x' ^ ^1 anc ^ we conclude that the regular models are rare. 

7 Global behavior 

In the papers f35L|3(|, we established that the EYM equations are locally solvable near the origin 
r = and a black hole horizon r = r# . If any of these local solutions could be continued out to 
r = 00, we would like to know its behavior. Knowing the global behavior is important for two 
reasons. The first is that numerical solutions can be constructed much more efficiently when one 
knows what to expect. The second is that we believe that these global estimates will be necessary 
in proving the existence of global solutions as was the case when G — SU(2) (H|[ll|,@l an d more 
recently G = SU(3) f|. 

Suppose that {A + (r), m(r)} is a bounded solution to Q, (pOO) ), and ( p~Ti"|) in a neighborhood of 



r = ?'» where r* = or r* = rjj > 0. We are interested in the local solutions that can be continued 
out to r — 00 with N(r) > for r > r*. For the moment we will assume that there exists a ro > r* 
so that the conditions 

N(r )<l, ||A + (r)|| < -L||A || , (7.1) 



1G 



and 



[AV(ro),A_(r )] + [A'_(r ), A+(r )] = 0, 



(7.2) 



are satisfied. At the end of section [lC] we will show that all local solutions that can be continued 
out to t — oo with N(r) > for r > r* will necessarily have to satisfy these conditions. Before we 
state the main theorem that characterizes the global behavior, we first need to introduce a technical 
condition. The space V% (see ( 4.23 )) is uniquely determined by the choice of Ao in A%' M D W. 
Therefore the bilinear form 



B : V 2 x V 2 — > V 2 : {X, Y) [X, c(Y)} 



(7.3) 



depends implicitly on Ao. Our results require that Ao is chosen so that the following coercive 
condition is satisfied 



< 



inf 



\B(X,X) 



(7.4) 



|| AoH ~ x ^\i°) \\Xf 
We show in the next section that there exists Aq in ^4^' M n W for which the inequality ( (7.4| ) is 



satisfied. In fact we have some evidence that (7.4) is satisfied for all Ao in A[' fl W although we 
have no proof of this fact. 

To state our main result we must first recall from |35| that given a vector il + S V 2 such that 
{Ao,f2+,Sl_ := — c(fl + )} forms a real standard triple then the R-linear operator A : g — > g defined 
by 

A := iad(fi+) o (ad(n_) + ad(fi+) o c) 
preserves the subspace V 2 and is diagonalizable. The space V 2 then decomposes into 

V 2 = E © E+ 

where Eq := ker A|y 2 and E+ is the direct sum of all the eigenspaces with positive eigenvalues. 
We now state our main result: 

Theorem 7.1. Suppose Ao G ^4j' K nW is such that the inequality ( j7.4| ) is satisfied. 7/{A + (r), m(r)} 
is a solution to equations (4.8) and (4.1C) defined on |ro,oo) (r > 0) that satisfies 



N(r )<l, ||A + (ro)||<-^=||Ao| 



[AWr ),A_(r )] + [A'_(r ), A+(r )] - 0, 



at the point ro and 



ther 



N(r) > for all r > r , 



(i) there exist a moo > such that m(r) 

(ii) < N(r) < 1 for all r > r , 



moo as r 



oo, 



(Hi) equation (4.11) is automatically satisfied for all r > r , 



(iv) equation (4.9) can be integrated to obtain S(r) and S(tq) can be chosen so that S(r) 1 as 
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(v) ||A+(r)|| < ||A || /\/2 for all r > r , 
(vi) rA' + (r) — > and ||A+(r) - 3 X || — > as r — » oo, 
w/iere 

r :={XGT/ 2 \{0}|[[c(X),X],X]=2X}. 
Moreover if S\ is a H-system then A + (r) G £"+ /or all r > ro and lim^oo A + (r) = fi™ /or some 

When Ao is such that S\ is a II-system, this theorem is a natural generalization of the SU(2) results. 
However, if S\ is not a II-system, then there is a possibility for a new type of behavior as (vi) leaves 
open the possibility that A + (r) does not actually approach a limit as r — > oo. The reason that this 
possibility exists is that when S\ is not a II-system # x forms a IS^I-dimensional real variety. On 
the other hand, the existence of the limit A + (r) as r — > oo when S\ is a II-system is due to the fact 



that the set $ x n E + is discrete ( see lemma 8.2) 



From the definition of $ x , it is clear that every X+ G $ x determines a real standard triple 
{X G ,X-,X+} where X- := -c(X+) and X := [X+,X-]. For a given A G Al M H W, we know 
that there exist an f2 + G V2 such that {Ao,57 + ,fi_} (fi_ := — c(f2+)) is a real standard triple. Let 

<E~{n+ev 2 \ {0} 1 [ c (n+), n+] = a }. 



Then Sc5 x , and it follows from ( 4.25| ) that the magnetic charge Qm — y as r — * 00 if and only 



if ||A + (r) — <B\\ — * as r — + 00. Therefore ^ x \ £ characterizes the asymptotic values of A + (r) for 
which the magnetic charge docs not vanish. If G = SU (2) then € — 5 rX and so we recover the known 
fact that the global solutions cannot have any magnetic charge. For G ^ SU(2), in general £ is a 
proper subset of $ x and hence there exist a possibility for solutions with magnetic charge. As we 
mentioned earlier in section pi p urely magnetic black hole solutions with nonzero magnetic charge 
have been found numerically p2fl. However, it is not clear if solitons with nonzero magnetic charge 
exist. No numerical solutions of this type have been found. Assuming that linij.^00 A + (r) exists, 
the initial value problem at r = 00 may provide some insight. For g = sI„C and Ao principal, the 
possiblility of magnetic charge has been studied in p6| . To describe these results, we first expand 
A+(r) as (see flO|)) 

A +( r ) = ^2 w "( r ) e " ' 

where the w a are real valued functions. We note this expansion is possible since Ao is regular. If 
the magnetic charge does not vanish, then it can be shown that lim^oo w a (r) — for some of the 
ct G S\. Assuming analyticity of the solution about r = 00, the power series expansion then shows 
that w a = for r near r = 00. We expect , although we have no proof, that w a = near r = 00 
actually implies that w a — for all r. For black hole solutions this is not a problem. In fact the 
magnetically charged black hole solutions of |£^j were found by setting w a — for certain a G S\. 
But for solitons, w a = for any a G S\ is not compatible with the boundary conditions at r = 0. 
This may explain why no magnetically charged solitons have been found. Our analysis of the initial 
value problem at r = 00 [|35|,|36[| has been done under the assumption that lim r _^oc A + (r) G (£. In 
view of the above discussion, it would be desirable to generalize the existence and uniqueness proof 
at r = 00 to allow for lim r _ >oc A+(r) in J x . 

It was observed in |56| that the existence proof for the gauge group SU(2) can be used to imply 
the existence of global solutions for any compact gauge group and any generator Ao in A\' fl W. 
This of course leaves open the questio n of what are all the possible global solutions. The rest of this 
article will be spent proving theorem 
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8 A coercive condition 



In this section we show that there exist A in A^' n W so that (7.4) is satisfied. To start, we first 



derive an inequality that is equivalent to (7.4) but easier to work with. Let 



S(V 2 ) := { Y G V 2 | ||Y|| = 1 } 



and define 



J := {X G S(V 2 ) | [[c(X),X},X] = \\[X,c(X)}\\ 2 X} 



Lemma 8.1. 

inf \\B(X,X)f= inf W^l^l 
xeJ xev 2 \{o} \\x\\ 4 

Proof. Define 

Q(Y) :=B(Y,Y) 2 , 
and let C denote the set of critical points of Q\s(v 2 )- Then it is clear that 

inf \\B(XX)\\ 2 = inf l|2 . 
xec" xev 2 \{o} \\x\\ 4 

Therefore to prove the theorem we need to show that J — C. So suppose X is a critical point of 
Qs(v 2 ) an d let f(Y) := ||Y|| 4 . By the method of Lagrange multipliers there exists a /? G K such 
that 

DQ(X) = 0Df(X) . 

Straightforward calculation shows that 

Df(Z)-Y = A\\Z\\ 2 ((Z\Y)) and DQ(Z) ■ Y = -4« [[Z, c(Z)], Z]\Y )) . 
Therefore X must satisfy 

||X|| = 1 and [[c(X),X],X] = /3X . (8.1) 

Taking the norm on both sides of [[c(X), X], X] = (3X and using ||X|| = 1 yields 

f3=((\[c(X),X}.X}\X)) = \\[c(X),X}\\ 2 . (8.2) 

Let X+ := X, X_ := -c(X), and X := [X + ,X-]. Then [X ,X±] = ±\\X \\ 2 X ± by Q and 
(3.2). This proves that C C J. The reverse inclusion is straightforward to verify. □ 

Define 

$:={X eV 2 \[[c(X),X],X} = 2X} (8.3) 

At this point we will prove a result about the structure of $ that will be required later on. This 
result will not be used in this section. 

Lemma 8.2. If S\ is a Ti-system, then E+ is a discrete set. 
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Proof. Proposition 4 in shows that E+ — Y^j=i Ke Qj , so we can expand X + 6 E+ as 

i 

X + =J2 X 3 e <*j 

3=1 

where Xj £ M. So 

X_ := -c(X+) = ^Xj-e-^ 
3=1 

and hence 

X := [X + ,X-] =^2^2xjXk[e aj ,e- ai ,] = ^x|h aj 

3=1 fc=l 3=1 

as [e aj ,e_ a J = 5jkh aj . Using [h aj . ,e ±Q J = ±C k3 e ±ak where C fc j is the Cartan matrix of Q\, we 
get 

[X ,X±] t2X ± = ±J2 \J2 C **i ~ 2 ) x » e ±<** ■ 
fe=i \j=i / 

Because the vectors e± Q . are linearly independent, it is clear that X + G Jn E + if and only if 

Gk i x ) ~ 2 j ^ = for = 1, 2, . . . 
Using the invertibility of the Cartan matrix C, the above equation can be solved to give 



x k = or x k = ± i 2jy°~ 1 )kjj k=l,2,...,£. 

This solution set is obviously finite and therefore the proof is complete. □ 
Define 

3 X := 3\{0}. (8.4) 

Lemma 8.3. 

inf \\B(X,X)\\ 2 = inf n 

xej" xe 5 x \\B(X,X)f 

Proof. Suppose X + € J. Let X_ := -c(X + ) and X Q := [X + ,XJ\. Then 

2||X + || 2 = {(2X + \X + )) = (([X ,X + ]\X+)) = ({X \[c(X + ),X + })) = \\X \\ 2 . (8.5) 

Also note that if X e V 2 and [c(X), X] = then 

= (( [c(X), X]\A » = (( X\[X, Aq] » = -2 || xf . 
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Therefore 



if X G V 2 then [c(X), X] = if and only if X = 0. 



(8.6) 



Define a map 



by 



x 4 



x. 



V2 



[c(X+),X+\\ 



x 4 



Then using flS.5|) and (|8.6| ), it is straightforward to verify that the above map is well defined and 
bijective. The proof now follows since 



\B(X+,X, 



\B(X + ,Xj 



and 



\\B(X + ,X + 
ll^+ll 4 



\B(X + ,X, 



by (8.5) and the fact that \\B(X + ,X + )\\ = \\X Q \\. □ 



The above two lemmas show that the coercive condition (7.4) is equivalent to 

4 < inf 4 



|Ao| 



xed x \\B(X,X) 



■7) 



We will now show that there exist generators A in A±' <~) W that satisfy the inequality (7.4). 



Theorem 8.4. //5a is a Tl-system then the inequality (7A) is satisfied. 

Proof. Since S\ is a II-system, the discussion in section ^ shows that we can without loss of generality 
assume that Ao is a principal ^4i-vector. Note that if X+ £ $ then Xq := XJ\ G A\ where 
X- := — c{X+). Also note that since Xq satisfies c(Xq) = —c(Xq) it follows from the definition of 
||-|| and B that (X Q \X ) = \\B{X + ,X + )\\. Therefore 



inf 



< inf 



xeAj (X\X) ~ ftp \\B(X,X)\\ 2 ' 

as it can be easily shown that (X\X) G K for all X G A\. 
Lemma 8.5. IfY G A\ then {Y \Y Q ) < ||A || 2 . 

Proof. Since Ao is principal, there exists a base A such that 

a(Ao) = 2 for all a £ A. 

Also there exists an automorphism <j) of q such that 

a(4>(Yo)) = 0, 1, or 2 for every a £ A. 



(8.9) 



(8.10) 
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Now 



A = ^2 A Q h„ and <f>(Y ) = ^ ^* ha 



where 



A Q — 2 ^ (C 1 ) Q( 3 
/3eA 



2/a 



/36A 



and C 1 is the inverse of the Cartan matrix C — ((a, 0)). Using the above expansions, it is easy to 
show that 



(A |A ) = 2 r^iC-'U, 



a,/3eA 



and 



(Y \Y ) = 2 J2 iW 5 '")) (C _1 )a/J /Wo)) 



.11) 



.12) 



a,,3eA 



But (C" 1 )^ > for all a, p € A. Therefore (0(y o )|0(lo)) < (A |A ) by ( ^To| ), (PH) , and (jsTT^) . 
Finally, observe that (</)(Y )\(j)(Y )) = (Yol^o) and (A |A ) = ||Aoj| 2 since 4> is an automorphism and 
c(Ao) = — Aq. Therefore (lol^o) < l|Ao|| 2 and the proof is complete. □ 

From this lemma and (|8.8D, we see that the inequality (S.7) is satisfied. By the above results this 



implies that (7.4) is also satisfied. □ 



Since we now know that there exists Ao in A{ flW such that the inequality (7.4) is satisfied, it 
would be desirable to determine exactly which Ao satisfy (7.4). In general, this appears to be a 
difficult question. However, for low dimensional Lie algebras, computations show that every Ao in 
A\' R R W satisfies (|7.4[). This gives some evidence to our belief that (7^4) is always satisfied. If this 
were the case, then our later proofs that rely on (7.4) would be general. 



9 Asymptotic Yang-Mills equations 

The flat space spherically symmetric Yang-Mills equations can be written as 

A + -A++T = (9.1) 

where (•) = ^p- and r = ln(r). However, for the purpose of this section we will consider equation 
( fO| ) in its own right, and let r denote a parameter that is not necessarily related to the radial 
coordinate r. We will be interested in r — ► oo behavior of bounded solutions to equations of the 
form 

A+ - A + + T = 6(t)A+ , (9.2) 
where S is any C 1 function that satisfies 

lim 6(t) = . (9.3) 

T — >00 

To determine this behavior, we use the results of Markus |3^] concerning the long time behavior of 
solutions to asymptotically autonomous differential equations. See also |53],|5(]]. To describe these 
results we first recall that a nonautonomous system of differential equations in R N 

x( T ) = h(T,x(r)) (9.4) 
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is said to be asymptotically autonomous with limit equation 

y(r) = g(y(r)) (9.5) 

if 

h(r, x) — > 5(2;) as t — > 00 uniformly on compact subsets of M . 

We note that the maps h and g are assumed to be continuous and locally Lipschitz on R N . The 
oj-limit set uj(t ,xo) of a bounded solutions x(t) to (9.4) on [to, 00) satisfying x(t ) = x n is defined 
by 

w(to, xo) — { y I y = lim x{jj) for some sequence Tj — > 00 } . 
The fundamental result of Markus is: 

Theorem 9.1. The u-limit set lu(t ,xq) of a bounded solution x(t) to ( |9.4| ) on [t ,cxd) satisfying 
x(tq) — Xo is nonempty, compact, and connected. Moreover, 

dist(x(r), u)(tq, Xq)) — > as r — * 00 , 

and uj(to, xq) is invariant under ( |9.5| ). 

Define maps 

T:V 2 ~^V 2 : X .— > i[A + [X, c(X)], X] , (9.6) 
/ : R x V 2 x V 2 — > V 2 x y 2 : (t, Xi, X 2 ) 1— » (X 2 , X 2 - P{X{) + 5{t)X 2 ) , (9.7) 

and 

g : V 2 x V 2 — » V 2 x V 2 : (t, X 1; X 2 ) .— > (X 2 , X 2 - ^(Xi)) . (9.8) 



Using these maps we can write (3.1) and ( |9.2[ ) in first order form as 

(A + ,f + )=.g(A+,r + ) (9.9) 

and 

(A+,f + )=/(T,A + ,r+), (9.10) 

respectively. 

The proof of the next proposition is straightforward and left to the reader. 

Proposition 9.2. f(r,X,Y) — > g(X,Y) as r — > 00 uniformly on compact subsets of V 2 x V 2 . 

This proposition shows that the nonautonomous system ( |9.10D is asymptotically autonomous with 



limit equation (9.9) 



Proposition 9.3. Suppose X(t) = (Ai(t), X 2 {t)) is a bounded solution to ( 9.1C| ) that is defined 
for all t > tq and satisfies X(to) = Xo. Then 

(i) o;(to,Xo) is non-empty, compact and connected, 
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(ii) ||X(t) — lu(tq, Xo)|| — > as r — > oo, 
(Hi) cj(to,Xo) is invariant under ( ]9.9| ). 



Proof. Follows directly from theorem 9.1 by proposition |9.2| . □ 
Define 

H :V 2 xV 2 ^R : (X u X 2 ) .— > 1 ||X 2 || 2 - i || #(^ a ) || 2 



where 



F(X) :=-(A + LX,c(X)]) 



(9.11) 



(9.12) 



Proposition 9.4. // X(r) = (ATi(t), AT 2 (t)) is a bounded solution to (9.10), i/ien i/iere exists a 
(3 E K smc/i taaf iJ(w(T ,X )) = /?. 



Proof. Straightforward calculation using ( 1.19| ), ( 4.22| ), the properties (2.2) of the inner product 
((•]•)), and (|9.10D shows that 



(H(X(T)y=\\X 2 (T)\\ 2 (l+6(T)). 

But S(t) — ► as r — > oo, which shows that (iT(X(r))' > for r large enough. As X is bounded, 
linv^oo iJ(X(r)) exists and we denote the limit by (3. Therefore for any sequence — * oo, we 
also have lim^oo iJ(X(rj.)) = (3. By continuity of H, we have H(lim/ C ^ 00 X(rfe)) = (3. From the 
definition of lu(t , X ) it is clear that H(lu(t , X )) = (3. □ 



The fixed points of (|9.9|) are 



where ^ was previously defined in (|8.3|) 



£x {0} 



(9.13) 



Theorem 9.5. 7/X(r) = (ATi(t), X 2 (t)) is a bounded solution to (9.10), then 



(i) ||ATi(r) - 3\\ ^0 osn oo 
(m^ A" 2 (t) — > as t — ► oo 



Proo/. Suppose Y = (Yi. ,*2,o) € w(r ,X ). Let Y(r) = (Yi(r), F 2 (r)) be a solution toJOj) with 
Y(0) = Y . Then Y(r) G cj(r ,X )and F(Y(t)) = (3 for all r > by propositions |9.3| and ^4. 
Using ( [4.19] ), ( 4.22 ), the properties ( j2~2^ ) of the inner product ((-|-)), and ( |9.9|) , it is not difficult to 
show that (if(Y(r))' = ||F 2 (t)|| 2 . Therefore we must have j|F 2 (r)|j = and hence Y 2 (r) = F 2 (r) = 0. 
It then follows form the differential equation (|J) that Yi(t) = and [c(Yi(t)), Yi(r)] = 2Yi(r). 
Therefore, Y(r) = (Y o ,i,0) and [c{Y lfl ),Y lfi ] = 2Y 1:0 . This proves that w(r ,X ) C S x {0}. The 
proof now follows easily since ||X(r) — lo(tq, Xo)|| — ► as r — > oo by proposition ( |9.3|) . □ 



Theorem 9.6. 7/X(t) = (Xi(r), X 2 (r)) «s a non trivial bounded solution to (9.10), then 

(i) ||^i (r) -5 X || ->0 osn oo 

(ii) A" 2 (r) — > as r — * oo 
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Proof. If linv^oo X(r) 7^ then we are done by the above theorem. So assume that linv^oo X(r) 
0. Let W = V2 x Vi and define a linear operator T on W by 



T(Z) := D 5 (0) • Z . 



A short calculation shows that 



T 



I 
-I 1 



and that T has two distinct eigenvalues (1 ± iy3) /2 each with multiplicity dirriR V2. Therefore there 
exists constants K, a > such that 



-tTI 



<Ke~ aT Vr>0 



Choose / > so that 



I < 



K 



(9.14) 



(9.15) 



Because g(0) = and T)g(0) — it can be shown using appropriate smooth bump functions that for 
any > there exists an e > and a C°° map g : W — > such that 



||ff(Zi) — ff(Z 2 )|| <i||Z 1 -Z 2 || VZi,Z a e 
||$(Z)|| <fi VZeW 



and 



£(Z) = g(Z) - T(Z) VZeB e (Vy). 
Also because lmv^oo £(r) = 0, there exists a To and a C°° function <5(r) such that 

\8{t)\<1 VtgR, 

and 

«5(t) = 5{t) Vt > r . 



(9.16) 
(9.17) 



(9.18) 



(9.19) 



(9.20) 



Letting pr2 : W — > V2 denote projection onto the second factor, it is clear from ( |9.18 ) and ( |9.20 ) 
that 



/(T,Z)=T(Z)+5(Z)+5(r)pr 2 (Z) V Z e B e (W), r > r 



(9.21) 



Because fmv^oo X(r) = 0, there exists a. T\ > tq such that X(r) € B € (W) for all r > t±. So X(t) 
must be a solution to the differential equation 

Y = T(Y)+£(r)pr 2 (Y)+g(Y) 



for t > ti by (3.21). Define 



so that Y satisfies 



T(t) :=T + <5(r)pr 2 



(9.22) 



Y=T(t)(Y)+$(Y) 



(9.23) 
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Now |pr 2 | < 1 so |(5(r)pr 2 | < I for all r £ R by ( |9.19[ ). Consequently. 



\5(s)pr 2 \ds < 1(t - t) Vt > 



(9.24) 



Let ^(t) be a fundamental matrix associated to T(t). In other words ^(t) is an invertible matrix 
solution to 

<jr( T ) = T(t)*(t) . 

It then follows by fl9.14| ), ( |9.15| ), ( |9.24[ ), and theorem 2.3 page 86 of Q that *(t) satsifies 

^(r)*^)" 1 ! < e - Q(r °- r) Vr >r. (9.25) 



The inequalities ( 9.1 6| ) and (9.17) guarantee that any solution of ( |9.23| ) is defined for all r. Let 
X(r) denote the unique global solution to ( |9.23| ) that satisfies X(r) = X(r) for all r > t\. Since 
linv^oo X(r) = 0. X(r ) is bounded on [0,oo). Notice, that because g(0) = g(0) = 0, Z(t) = is 
also a solution to ( 9.23| ). However, a slight generalizati on of le mma 1. 5, pa ge 54 of fl7} | shows that 
any solution to ( |9.23| ) bounded on [0, oo) is unique by ( 9.15 ), ( d.lt ), ( 9.17 ), and ( |9.25 ). Therefore, 
X(t) = for all t £ M. and this implies that X(r) = for r > n. But Z(r) = is a solution to 
( |9.10| ) and s o X( t) = for all r £ M. This contradicts the assumption that X(r) is a non-trivial 
solution to fl9.10| ). Therefore limr^oo X(r) ^0. □ 



10 Global estimates 



At the end of this section we prove theorem 7.1. However, we first need to prove a number of 
preliminary results. 



Proposition 10.1. // {A + (r),m(r)} is a solution to equations (L8) and (|4. 10| ) defined on an 
interval [ro,r\) (tq > 0) and that satisfie s N (r) > for all r > ro and [A' + (ro), A_(ro)] + 
[A'_(ro), A + (ro)] = then A + also satisfies (4.11). 



Proof. Lemma 1 of p& shows that j(r) = [A + (r), A'_ (r)] + [A_(r), A^_(r)] satisfies the differential 

2 / 



equation 7 



ip) 7. Integrating this equation yields 

2 / 1 



7 (r) = 7(r )exp 



s 2 A 



P ds 



But 7(^0) = by assumptions, hence 7(7") = for all r > r . □ 



Proposition 10.2. If {A + (r),m(r)} is a solution to equations (4.8) and (4.10), that satisfies 
N(r ) > 0, [A + (r ), A_(r )] = A . and A' + (r ) = /or some r > 0, then A + (r) = A + (r ), 
m(r) = ^(1- A(r )), and 5(r) = S(r ) for all r > max{2m(r ), 0}. 

Proof. It is straightforward to check that if N(r a ) > 0, [A + (r ), A_(r )] = A , and A' + (r ) = 0, 
then A+(r) := A+(r ) and m(r) := ^(1 - A(r )) solve Q), ( p0| ), and ( |LlT| ). By standard 
uniqueness results for systems of differential equations, this is the only solution satisfying N(ro) > 0, 
[A+(ro),A_(r )] = A , and A' + (r ) = 0. □ 

The next two propositions generalize propositions 8 and 9 in || which are valid for G = SU(2). . 



Proposition 10.3. If {A + (r),m(r)} is a solution to equations ( |4. q ) and (4.10), on [ro,ri) (ro > 0) 
and < N(r ) < 1 then N(r) < 1 for all r £ [ro,n). 
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Proof. This can be proved in the exact same manner as when G = SU(2). See Q proposition 8 for 
details. □ 



Proposition 10.4. If {A+(r),m(r)} is a solution to equations ( p~q ) and (4.10), on [ro,ri) (ro > 0) 
with < e < 2V(r) < 1 then there exists a S > sucft iftai the solutions exists and is analytic on 
[r ,ri +6). 

Proof. First note that if the solution {A + (r), m(r)} exists on some open interval / c (0, oo) on 
which N > then the Cauchy-Kowalevski theorem will guarantee the solution will be analytic. 
From standard theorems on differential equations, it follows that the solution will continue to exist 
at r = r*i unless N — ► or one of the variables {m, A + , A^} becomes unbounded as r — ► r\. By 
assumption N does not approach zero and < N(r) < 1 implies that 



< 2m(r) < ri V r G [ro,ri) . 

Therefore we only need to show that A + and A^ are bounded as r — > n . 
Integrating (4.8) yields 



m(r) - m(r ) = / (A^G + p~ 2 P)dp > / WGdp 

J ro J ro 

since P > and r > 0. From ( |lQ.l| ), ([L0.2D , and iV(r) > e it follows that 



(10.1) 



(10.2) 



2e / Gdp<2 NGdp< ri Vre[r ,ri), 



which implies that 



2 p-^Gdp^—l Gdp<— Vre[r ,ri) 

Jro r Jro er 



(10.3) 



Integrating (4.9) yields 



and hence 



S(r) = S , exp(2 f p^Gdp) 

J rn 



< So < S(r) < S exp ( — 
\er 



(5 > 0) , 



Vr G [r ,ri) . 



(10.4) 



by p^D . 

Now, 



But, 



||A+(r) - A + (r || = 



A' + (p)dp 



< 



\K(p)\\ d P< 



\A' + (p)\\ dp) Vr-r Q 



Gdp y/r - r 



\A' + (p)\\dp. 

by Holders inequality 
by def. of G 



< 



n(ri - r ) 
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The above two results show that 



We can rewrite ( |4.10 ) as 



sup ||A + (r)|| < oo 

r£[ra,ri) 



(NSA' + )' = 



So then 



\N(r)S(r)A'(r) - N(r )S(r )A'(r )\ 



(NSA' + )'dp 









<-f 




J To 



But 



\\n = 



:(Ao-[A+,A_]) 



<-(||A || + ||[A + ,A. 



dp . 



<i||A ||+fc||A + j| 2 



(10.5) 



(10.6) 



(10.7) 



(10.8) 



for some constant k > since (X, Y) — > [X, c(Y)] is a continuous bilinear map from g x g to j. It 
follows from ( |lCK4| ), jlO^ ), ( |0^ ), and ( |ToT8| ) that 

sup A+(r) I < oo . 
re[r ,n) 

□ 



From this point onward, we will assume that Ao satisfies the coercive condition ( |7.4[) . This next 
theorem can be use to generalize theorem 7 of [^BJ to any Aq that satisfies (\l-4)- 



Proposition 10.5. If {A + (r),m(r)} is a solution to ( |4.8| ) and ( |4 . 1 0|) on [r ,ri) (r > 0) with 
N(r) > 0, then ||A + (r)|| 2 can not achieve a local maximum in the region where ||A + (r)|| 2 > | ||Ao|| 2 . 

Proof. Let v(r) := ||A + (r)|| 2 and suppose v(r) achieves a local maximum at r*. Then 

i/(r*) = ° and u"(r*)<Q. 



From ( 4.10 ), it is not hard to show that v(r) satisfies 



where 



r 2 N(r)v"(r) + <f>(r)v'(r) + 2v(r) - ||[A+(r), A_(r)]|| 2 = 2r 2 N{r) \\A' + (r)\ 



$(r) := 2(m(r) - r _1 P(r)) = r(l - A(r)) - 2r~ 1 P(r) 



(10.9) 



(10.10) 



It follows from the above equations that t>(r%) > i ||[A + (r*), A_(r*)]|| while (7T) implies that 
^ufr,) 2 < ||[A_|_(r*), A_(r st )]|| 2 . Therefore v(r») < ^ ||A || 2 and the proof is complete. □ 



IIAol 

The next proposition is very similar to the previous one, however its slightly different conclusion 
will be useful in proving the next result. 



Proposition 10.6. Suppose {A + (r),m(r)} is a solution to ( |4.8| ) and ( 4.10 ) on [ro,ri) (r > 0) 
with N(r) > and let v(r) = ||A+(r)|| 2 . If v(r ) > \ ||A || 2 and v'(r ) > then v(r) > \ ||A || 2 and 
v'(r) > for all r > rp. 
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Proof. Let r\ be the first r > ro such that v'(r) = 0. Then ( 10.9 ) shows that r\N {r\)v" {r\) > 
||[A + (ri),A_(ri)]|| 2 - 2»(n) while it follows from Q that u(n) 2 < || [A + ( ri ), A_ (n)]|| 2 . 

Therefore 



r?JV(n)«"(n) > 



I Ar 



T v{ri) 2 - 2v( n ) 



But u(n) > \ ||A || 2 implies that iTOp" »( r i) 2 _ 2v(r{) > and hence u"(n) > since iV(ri) > 
by assumption. This implies that v'(r\) — is impossible. □ 

The next proposition is a generalization of proposition 2.2 of |^2j. The key to the proof is the 
observation that the equation ( 10. 9| ) governing ||A + (r)|| 2 can be analyzed in the region where 
||A + (r)|| 2 > ||Ao|| 2 /2 using the techniques developed in jl2| for G = SU(2). It is remarkable 
that the SU (2) proof can be adapted to the general case with such ease. 



Proposition 10.7. Suppose {A + (r), m(r)} is a solution to ( |4.8| ) and (4.10) defined in a neighbor- 
hood of ro and let v(r) = ||A + (r)|| 2 . If < N(ro) < 1, v(ro) > \ ||Ao|| and v'(ro) > then there 
exists a r\ > rg with N(ri) = , < N < 1 on [ro,7*i), and [ro,7"i) is the maximal interval of 
existence. 



Proof. Assume that the solution is defined on [r ,oo) and N(r) > 0. Then ( 10.9 ) and (^4) imply 
that 



r 2 Nv" + W + 2v 



Ar. 



T v z > 0. 



Consider the differential equation 



r z Nv" + rv' + 2v - 



|Aol 



T v 2 = 0. 



(10.11) 

(10.12) 
(10.13) 



v(r ) = v(r a ) and v'(r Q ) = v'(r ) . 

Lemma 10.8. v'(r) > v'(r) for all r > ro and hence v(r) > v(r) for all r > rQ. 
Proof. First note that it follows from proposition 10. 6| that 

1 9 

v'(r) > and v(r) > - \\A \\ Vr>r . (10.14) 

Because N(r ) > 0, P(r ) > 0, and v'(r ) > 0, we get from QlO.lOD , (|lQ.ll[) , ( |l0.12|) , and ( |l0.13|) 
that 



r 2 N(r )(v"(r a ) - v"(r )) > -($(r ) - r )v'(r ) > . 



(10.15) 



Thus v"(ro) > v"(ro) and hence v'{r) > v'(r) for r > ro with r near ro. Suppose r\ is the first r > 
for which u'(ri) = v'(ri). Then it follows from ( 10.13) ), ( 10.14 ), and the fact that v'(r) > v'(r) for 
all r E [ro , ri ) that 



— ^«(ri) 2 - 2u(n) > — ^w(ri) 2 - 25(n) 
||A || ||A || 



since the function 



fc(x) 



|Ao| 



2x > 



(10.16) 



(10.17) 
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is monotonically increasing in the region x > \ ||Ao|| 2 . Then 



r?iV(ri)(«"(ri) - 5"(n)) > — ^(n) 2 - 2v(n) 

A 



|A 



^u(ri) 2 -2{j(n) >0 



by ( |10.1lD , ( |10.12| ), Ql0.16| ), N(n) > 0, and P{n) > 0. Therefore i/'(n) > «"(ri) and this implies 
that w'(ri) = -D'(ri) is impossible. □ 



Lemma 10.9. v'{r) > and v(r) > 5||A§|| for r > r^. 



Proof. Proved in similar fashion as proposition 10.6 . □ 

Lemma 10.10. If f(r) = rv' + 2v — ^^ v 2 , then there exists an R> r$ such that f(r) < for all 
r>R. 



Proof. Suppose f{r\) = for some r% > r$. Differentiating / yields /' = rv" 
Since f(r\) = 0, the differential equation ( 10.1 2| ) shows that 

rlN(n)v"(ri) = 

and hence v"(ri) = as N(ri) > 0. Thus 



l|Ao|| 



f'(n)= 3 



IIAoll 



rv(n) v'(ri) < 



by lemma 10.9. This shows that / can cross zero at most once. Thus / is either always positive for 
r > r Q or there exist an R > r Q such that f(r) < for all r > R. Suppose f(r) > for all r > r . 
Then 



rv + 25 



|Ao| 



T v 2 > 



or equivalently 



dv 



> 



dr 



- 2i + w* 2 1 



by lemma 10.9. But 
while 

which is a contradiction. □ 
Consider the differential equation 



dv 



< oo 



dr 



r 2 v" + rv' + 2v 



|Ao| 



T v 2 = 



v(R) = v(R) and v(R) = v'(R) 
where R is defined in lemma 10.1C| . 



(10.18) 
(10.19) 
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Lemma 10.11. v(r) > v(r) and v'(r) > v'(r) for all r > R. 
Proof. From ( |10.12| ), ( |10.18| ) and ( |10. 19| ) we have 

f(R) 



v"(R) - v"{R) 



R 2 



N(R) 



(10.20) 



Since < N(ro) < 1 and w e are assuming that N > 0, it follows from proposition 10.3 that 
< N < 1. Therefore fll0.2C| ) shows that v"(R) > v"(R) and hence v'(r) > v'(r) for r > R with r 
near i?. Suppose there exists a smallest n > R for which w(r) = v(r). Using similar arguments as 
in proving lemma 10. §| , it can be shown that 



v'{r) > and v(r) > - ||A || 2 for all r > R. 



(10.21) 



Thus 



v(r\) > v(ri) > and 



A 



-Urv(ri) 2 - 2v{n) > — — 
2 IIAnl 



r w(n) 2 -2z;(ri) 



and hence using ( |l0.12| ) and ( 10.18 ) we see that 

r 2 7V(ri)5"(n) - r 2 iV(n)w"(ri) = — ^6(n) 2 - 2v(n) 

l|Ao|| 



IIAol 



T v(n) 2 - 2v(n) >o 



which implies that 

«"(n) > JV(ri)v"(n) > u"(r x ) . 
Therefore v'(ri) = v'(ri) is impossible. □ 

Lemma 10.12. There exists af>R for which lim r ^pu(r) = oo and lim r _^ ? w'(r) = oo. 



Proof. Let t = ln(r). Then we can write ( 10.18 ) as 

4 2 



v + 2v - 



Ao 



r = o 



(0 := ^ 



(10.22) 



So v > by (tL0.2l| ) and ( |l0.22j ). This implies that u is increasing. If T = ln(i?) then v(T) > by 
( 10.21 ), and thus > u(T) > for t > T as v is increasing. It follows that limt^oo u(t) = oo . 

The differential equation ( jl0.22| ) admits a first integral 



H{t) = ^ 2 + v 2 

2 3||Ao|| 2 



(10.23) 



Therefore if we let H = then 

as is a constant of the motion. Since v(t) is increasing and lim^oo v(t) = oo, there exists &t\> T 
such that 



1,2 

-v > 



3||Aol| 



7 w J Vt>ti 
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As v > and v > 0, the above expression is equivalent to 

4 



> 



v - 



3 II Ar 



Integrating both sides yields 



or equivalcntly 



> 



VWT) #0 3||A || 



r(*a-*i), 



/«(ti) 3 1| A„ || ' 



-(tl -fe) 



This shows that there exists a t such that lim t _,.fu(t) = oo. But r = e*, so if we let r = e* then it 
follows that lim r _>f S(r) = oo and lim r _H= t/(r) = oo. □ 

The above lemmas show that there exist a f < f such that \\m T /<f v'(r) = oo which proves that 
A + (r) or A , (r) becomes unbounded as r — ► f . This contradicts the solution existing on [ro, oo). In 
view of proposition 10.4. we must have N(r) = 0. Let n be the smallest r such that 2V = 0. Then 
(4.17) implies that 



nN'in) = l- -xPin) 



(10.24) 



while while it follows from (10.9) and (|7.4| 



n - -P(n) ] w'(n) + 2v(n) - --^^(r!) 2 



> 



l|A + (n)|| 4 ||Ao|| 



u(ri) 2 > 0. 



But u(n) > ||A || /2 implies that 4u(ri) 2 / ||A || - 2v(r 1 ) > and therefore 



ri - --P(n) w'(ri) > 0. 
ri / 

Since w'(ri) > the above inequality implies that n > 2P(r±)/ri and hence 1 — 2P(n)/(r 2 ) > 0. 
Combining this with (10.24) we see that N'(ri) > which contradicts N(r\) = 0. Therefore [ro, ri) 
must be the maximal interval of existence thus proving proposition 10.7. □ 



Theorem 10.13. If {A_|_(r), m(r)} is a solution to (4.8) and ( 4.10 ) defined on [ro,oo) (ro > 0) and 
it satisfies N > 0, ||A + (r )|| < ||A || /y/2 and N(r ) < 1 then ||A + (r)|| < ||A || /y/2 for all r>r . 



Proof. Since cannot cross 1 from below by proposition 10.3, we have < N(r) < 1 for all r > rp 



Let v(r) — ||A + (r)|| 2 and suppose there exists a n > r such that v(n) > ||A || 2 /2. Then by the 
mean value theorem there exists a r» e (ri,r 2 ) such that v'(r*) > and u(r«) > ||A || 2 /2. The 
proof then follows from proposition 10.7. □ 



The next theorem, which guarantees that the mass is bounded, is a generalization of theorem 2 
from p7j] and the proof uses similar methods. 
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Theorem 10.14. If {A + (r),m(r)} is a solution to (4.8) and ( 4.10 ) defined on [ro,oo) with N > 0, 
N(r ) < 1 and \\A+(r )\\ < ||A || /y/2 then 



NG dr < oo 



Proof. It follows from theorem 10.13 that 



||A + (r)|| 2 <i||A || 2 Vr>r 



(10.25) 



Let {X k } k=1 be a orthogonal basis for Vi with normalization = l/\/2. Define 

w k (r) := ((X k \A + (r))) . 



Then it follows from (4.10) that for any q, 

qr^Nw'k = {r q Nw' k )' + 2r q - 1 NGw' k + r q - 2 {{X k \F)) 

Lemma 10.15. If w k has a critical point c € [ro,oo) then 

N\w' k \ 2 dr < oo . 



(10.26) 



Proof. Let C denote the set of critical points of w k (r). Since w k (r) is analytic by proposition 10.4 
the set C can have no limit points. There are two cases to consider, either C is bounded or C is 
unbounded. Note that C is not empty by assumption. 

If C is bounded, let c = supC. Then w' k must be either greater than zero or less than zero for r > c. 
We first assume that w' k (r) > for r > c. Then integrating (10.26) with q = yields 

Nw' k (r) = - ^ -NGw' k dp ~ ^ p- 2 ((X k \T))dp <Xf P~ 2 \\H dp . 

But it is clear from ( |10.8| ) and ( |10.25| ) that there exists a [3 > such that ||.F(r)|| < y/2/3 for all 
T > tq. Consequently, Nw' k (r) < /3(c _1 — r _1 ) and using 



sup (3 



1 1 

C p 



we get 



N\w' k \ 2 dp<(3 



1 1 

c r 



w' k (p)dp < p 



1 1 

c r 



1 1 



\w k (r) - Wk{c)\ 



< 



1 1 

c r 

V2\c 



\((X k \A + (r)-A + (c)))\< 



V2\< 



1 1 



|A + (r)-A + (c)|| 



(10.27) 



for some a > by ( 10.25[ ). Letting r — > oo in the above expression shows that 



a(3 
VTc 



< oo . 



Similar arguments show that the above inequality continues to hold if w k < 0. 
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If C is unbounded, there there exists a sequence of critical points { c ? | su ch that Cj < c^+i, [cx, oo) 
Ufcx[ c i> c i+ 1 ] ' an< ^ ^ d° es not cnan g e sig n on ( c ji c i+i)- From ( 10.27 ) we see that 



^Kl 2 ^<^(-- — 



and so 



Letting j — > oo gives 



□ 



A|u4| 2 dr < 



aj3 ( 1 1 



\ c i c j 



a/3 
V2ci 



< oo 



Lemma 10.16. If w' k > or w' k < /or r > rg i/ien /or any q > 1 and r > rp 



rW(r)|«/ fc (r)| < rgJV(r„)K(r )| + -^(r« - rg) + jf ||^|| p^dp . 
Proof. Using Young's inequality it is not difficult to verify that 

q f HlNp^dp < 2 f Iw'^Np^dp + 2 T J-q{r<> - rg) . 



Assume lOj. > 0. Then integrating ( 10.26 ) yields 
r q N(r)w' k (r) = r q N(r )w' k (r Q ) + 



{p«- 1 Nw , k -2p«- 1 NGw k ) dp- / p«- 2 {{X k \T))dp 



ro 



But 



K| 2 H((A' + |A))| 2 <- AV r=G and |(( A fe |^))| < ||A fc || ||^|| < ||^|| 



and therefore 

r'iV(r)^(r) < rgJV(r K(n>) + 

q f \p«- 1 Nw' k -2p«~ 1 N\w' k \ 2 w' k ) dp + f p^dp 

Jro Jtq 

< r«N(r )\w' k (r )\ + \^q{r* - rg) + f \\T\\ p^dp 
Similar arguments show that if w' k < then 



(10.28) 



by (10.28) 



-rm(r)w' k (r) < -r« N(r )\v/ k (r )\ + ~^(r<? - rg) + / WHP^dp- 



□ 
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Lemma 10.17. If w' k > or w' k < for r > ro then there exists a constant h > such that 
N\w' k \ < h for r > ro. 

Proof. Now, ||JF|| = \\[F, A + ]| < for some constant hi > since [•, •] is a continuous bilinear 

map from g x g to g. So then 

iV(r)K(r)| < N(r )H(r )\ + ^ (l - (^) ? ) + £ f ||^|| ^ 2 dp . 



by lemma 10.16. But 



\\T\\p q - 2 d P < / \\H 2 p- 2 dp 



„2(g-l) 



dp 



I r 2q-i _ r^^ 1 
2<j - 1 



Combining the above two inequalities yields 



AT(r)K(r)| < (^) iV(r )K(r )| + (l - (j) ) + 



\\T\\ 2 p- 2 d P 



„2q-l _ r 29"l 
r 2(j 



From (4.8) we have r 2 P = r~ 2 \\F\\ 2 /2 < to', while N > implies 2m(r) < r and hence 

/ ll-FH 2 /^ 2 ^ < 2m(r) - 2m(r ) < r . 

J 1*0 

So 

» W KMI < (SJVhKM + |vs(i - (?)') + ^•/i-^) 2 '"' 



by ( 10.2S ) and ( 10.30 ). Setting g = 2 in the above expression yields 



N(r)\w' k (r)\ < N(r )\w' k (r )\ + lyft + ^= 



(10.29) 



(10.30) 



□ 



Lemma 10.18. If w' k > or w' k < for r > ro then 



N\w' k \ 2 dr < oo 



Proof. Suppose w' k > 0. Then 

N\w' k \ 2 d P <h r w' k d P 



by lemma 10.17 



< h\w k (r)-w k (r )\=h\((X k \A + {r)-A + (r )))\ 
<^=(\\A + (r)\\+\\A + (ro)\\)<K 



for some constant K > by (10.25). Letting r — > oo in the above expression completes the proof. □ 
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Now, 



Therefore 



^ 1 n n 

G = o IKf = 5 £ i(( A Vi w 1 **»! = £ Kl 2 



fc=l 



fe=l 



/•oo n />oo 

/ NGdr = Y J N\w' k \ 2 dr < oo 

•/ro k=l^ r ° 



by lemmas 10.15 and 10.18. □ 



Corollary 10.19. // {A + (r), m(r)} is a solution to (4Js) and ( 4.10 ) defined on [7*0,00) with N > 0, 
N(ro) < 1 and ||A+(ro)|| < ||Ao|| /2 i/ien lim r _»oo m(r) exists and lim r _»oo AT(r) = 1 



Proo/. Since AT > 0, P > 0,G > 0, and ||A+(r)|| < ||A || /2 it follows from Q4J) that 

< rri < NG + -rr 



for some constant K > 0. Integrating yields 



A' 



m(r) < m(ro) + / NG dr H < 00 



by theorem 10.14. Thus lim r —,00 m(r) exists as m is increasing and bounded above. From the 
definition of A" it is then clear that lim r ^oo N(r) = 1. □ 



Proposition 10.20. If {A_|_(r), m(r)} is a solution to (4.8) and ( 4. 10| ) defined on [ro,oo) ™£/i 
N > 0, AT (7*0) < 1 and ||A+(ro)|| < |jAo|| /2 i/ien (4.9) can &e solved for S and S(ro) can be chosen 
so that linv^oo S(r) = 1. 



Proof. We can solve equation (4.E) to get S(r) — Soexp(f r 2p 1 Gdp) 1 where So > is an arbitrary 
constant. Because A^ > and lim^oo N(r) = 1 by corollary 10.19| , A" is bounded below on [ro, 00) 
by a positive constant N. Then 



-Gdr 



2 2 f 00 

NGdr< — ^ NGdr< 00 

Nr r N Jr 



by theorem 10.14. So we can let So = cxp(— 2r 1 Gdr) which then implies that linv^oo S(r) — 



1. □ 



Proposition 10.21. If {A+(r), m(r)} is a solution to (|4.8| ) and ( 4.10 ) defined on [ro,oo) with N > 

11 1 1 2 

0, N(ro) < 1 and ||A+(ro)|| < ||Ao|| /2 then there exists a constant h > such that rN A, < h 
for all r > ro . 



Proof. From corollary 10.19 and theorem 10.13, we get that P(r) is bounded and linv^oo m(r) = 
for some constant TOqo > 0. Then from the definition of <&(r) (see (10.10)) it is clear that there exists 
a r* and an e > such that <&(r) > e > for all r > r*. Thus 



$(r) 2G 
r 2 A^ r 



> Vr>r» 



(10.31) 



3G 



Because N > and lim r _ s . 0O N(r) — 1 by corolla ry 10.19|, N is bounded below on [r ,oo) by a 
positive constant N. Also note that theorem 10.13 and ( 10.8 ) imply that \\F\\ is bounded. So then 



;|«AV|^))|rfr< 



1 

<- 
~2 



N \\A' + 
NG- 



\\F\\ dr 

Nr 

"J-\\ 2 I dr < ex 



Nr 2 



(10.32) 



by theorem 10.14 



From QjLLOp and ( [4.171 ) it follows that 



(rNG)' 



$(r) 2G 



r 2 N 



— rNG + NG- -((A' + \T)) 



Therefore 



rN(r)G(r) = e -* (r) (rN(r*)G(r.) + J (nG - i« A' + |:F» j e* (rt dp 

where *(r) = (p^A^ 1 * + 2 / 9~ 1 G) dp. It then follows from theorem [lOTj, ( |l0.3l| ), ( |l0.32| ), and 

sup exp(*( j o)) = *(r) 

that there exists a constant ft. such that rN(r)G(r) < ft for all r > r*. Letting 

ft = max{ ft , max{ pN(p)G(p) | ro < p < r* } } 

completes the proof. □ 

Proposition 10.22. If {A_|_(r), m(r)} is a solution to (4.8) and ( 4. 10| ) defined on [ro,oo) ™£ft 
A > 0, A(ro) < 1 and ||A_|_(ro)|| < ||Ao|| /2 tften iftere exist a constant ft > swcft that r < ft 

for all r > ro . 



Proof. From theorem 10.13 and ( 10.8 ) we see that 



sup S(r) H^ll < K 

ro<r<oo 



for some constant K > 0. So then 



A" 



A^(r)S , (r)A' + (r)-A(r 1 )S'(r 1 )AV(ri) < - Vr,n G [r ,oo) 



(10.33) 



by (10.6). An immediate consequence of corollary 10.19| and propositions 10.20 and 10.21 is that 

lim N(r)S(r)A'(r) = 0. 

r — >oo 

So then letting r\ — > oo in ( 10.33| ) yields |L/V(r)S'(r)A' + (r)|| < A/ro for all r > ro. However, we 
know from corollary 10.19 and proposition 10.20 that both S(r) and N(r) are bounded below by a 
positive number e > 0. Therefore if we let ft = A/(roe 2 ) then A+(r)|| < ft for all r > ro- □ 



We are now ready to prove theorem 7.1 
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Proof of theorem 7.1. (i)-(v ) ■ These are just a restatement of corollary 10. IE, theorem 10.13] , and 



10.1, and 10.3. 



propositions 

(vi) : Since N is bounded below away from zero and N — > 1 as r — > oo, the change of variable from 
r to t given by (4.26) is well defined and r — > oo as r — > oo. Therefore to prove (vi) we can show 
instead that ||A+(r) — 5" x || — > and A+(t) — * as r — > oo. Using (|4.28 )-( Oq ) it is easy to show 
that A + (r) satisfies 



A+ - A+ + T = 5(r)k + , 



(10.34) 



where 



S(t) = 2/x(r) - k(t) - 1 . 



(10.35) 



Since lim r _Kjo JV(r) = 1 we have lim T _ >00 /x(r) = 1 and hence it follows from proposition 10.22 that 
linv-xxj A+(t) = 0. Therefore lim T _>oo /z(t) 2 G(t) = 0. Also, because A+(r) is bounded and hence 
A + (r) is also bounded, we get \im T - too r(T)^ 2 P(T) — 0. From the definition (4.27) of k it is then 
clear that hm T _ >00 k(t) — 1 and hence 

lim 5(t) = . 



Another consequence of proposition 10.22 is that A+(r) is bounded. There fore w e see that X(r) = 
(A+(t), A+(r)) is a bounded, non-trivial solu tion to the differential equation ( 9.10 ). So || A+(r) — 5 rX | 



and A+(t) — > as r — > oo by theorem 9^ 



If S\ is a II-system then it follows from the discussion in section ^ that 

A+(r) = ^2 w a(r)e a 



aes x 



where the w a (r) are r eal valued functions. Therefore A + (r) 6 i? + for all r. Since $ x n i?+ is a 
discrete set by lemma ^2 and ||A+(r) — S' x || — > as r — > oo, there exists a £ 5 x fl E + such 
that limr^oo A + (r) = f2^°. □ 



We now sho w that any local solution that can be continued out to a global solution necessarily 
satisfies (7.1) and (7.2). 



Proposition 10.23. Suppose {A+(r), m(r)} is a local solution to (4.S) and (4.1C) defined in a 
neighborhood of r = r* where r* = or r* = m > 0. If the local solution can be continued out to 
r = oo with N(r) > for r > r* ; i/ien 



AT(r )<l, ||A + (ro)|| < ^ ||Ao|| , [A' + (r ), A_(r )] + [A'_(r ), A+(r )] = 0, 
/or some ro > r* . 

Proof, r* = 0: We know by theorem 2 in J36| that m(r) and A + (r) are analytic in a neighborhood 
of r = and 

m(r) = 0(r 3 ) and A + (r) = fi + + Ir 2 + 0(r 3 ) as r 

for some X £ Ex. Substituting powerseries representation for m(r) and A + (r) into the field equations 
(|J)and ( pLLCl) shows that m(r) = ||AT|| 2 r 3 + 0(r 4 ) near r = and hence 



AT( r ) = 1 - 2\\X\\ 2 r 2 + 0{r d ) as r -> 



(10.36) 
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Let v(r) = ||A+(r)|| 2 . Then 



«(Q) = i(([A ,n + ]|n + )) = i((Ao|[0 +) Q_])) 



|Aq| 



by (U) and fi+ = 
since [f2+, £2_] = Aq 



-c(n_) 



The solution is trivial for X = by proposition 10.2, If we assume the solution is non-trivial, then 
we must have 1^0. So (10.36) shows there exists an e > such that < N(r) < 1 for < r < e. 
Suppose there exists a ro S (0, e) for which u(ro) > || Ao|| 2 /2. By the mean value theorem there exist 
a r\ € (0, ro) such that u(ri) > ||Ao|j 2 /2 and u'(ri) > 0. It then follows from proposition 10.7 that 
the maximal interval of existence for the solutions is finite which contradicts the assumption that 
it is defined on (0, oo). Therefore we conclude that v r < ||Ao|| 2 /2 for all < r < e. To complete 
the proof for r* = 0. we observe that [A',(r), A_(r)] + [A'_(r), A+(r)] = near r = by theorem 3 
of@. 

r* = rn: From the boundary conditions at r = rn > we have N(th) — and N'(rii) > and 
hence < N(r) < 1 for r > rji with r near rjj- We know by theorem 7 in |56| that A+(r) and N(r) 
are analytic in the variable t = r — m near t = and there exists a A" £ V2 so that 



N(t) = vt + 0(t 2 ) and A+(t)=X + 0(t) 



where 



1 

3 



= 3- ||A + [X, C (X)]|| 2 >0. 



Expanding N(t) and A+(t) in powerseries about t 
(M^) that 



0, it follows from the field equations (4.5) and 



A' + (r*) 



[X,A + [X,c(X)]] 



(10.37) 



Note also that [A' + (r), A_(r)] + [A'_(r), A+(r)] = for r near r ff by theorem 8 in Q. 

Let w(r) = ||A + (r)|| 2 . If u(rff) < ||A || 2 /2 then v(r) < ||A || 2 /2 for r near Th and we are done. So 
assume that v(r H ) > ||A || 2 /2. Now, 



v'(r H ) = 2{{A' + (r H )\A + (r H ))) = —(([X, [A + [X, c(X)]]\X )) 



H 



by (10.37). Using ( |2.2| )and X G V2, we can write the above expression as 

1 



v'(r H ) 



-(\\[X,c(X)]r-2\\X\n. 



' H 



But 



< ||Ao + [X,c(X)}\\ 2 = (||Ao|| 2 - 2 ||X|| 2 ) + (||[A,c(X)]|| 2 - 2 ||X|| 2 ) 



by ( |2.2| ) and the fact that IeV 2 - Since X 

v'{r H ) < 4= 



A+(r H ), 
- l|A+(r ff )|| 2 



< 



Aol 



(10.38) 



(10.39) 



(10.40) 



by jlO^ ) and ( |To73S| ) . Suppose w(r H ) > ||A || 2 /2. Then w'(r ff ) > by (p!40|) ; But this implies that 
the maximum interval of existence for the solutions is finite by proposition 10.7 . So v(ru) = ||Ao|| 2 /2 
as the solution is assumed to exist on (ru, 00). Suppose now there exists a ro > Th with ro near 
tr for which u(ro) > ||Ao|| 2 /2. Then by the mean value theorem ther e exi st a r% G {tbiTq) so that 
u(ri) > ||Ao|| 2 /2 and v'(ri) > 0. But this is impossible by proposition 10.7 . Therefore we must have 
v(r) < ||Ao|| 2 /2 for r > m and r near rn- □ 
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